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ABSTRACT

The expected numbers of different categories of polymorphic sites are derived for two related models
of population history: the isolation model, in which an ancestral population splits into two descendents,
and the size-change model, in which a single population undergoes an instantaneous change in size.
For the isolation model, the observed numbers of shared, fixed, and exclusive polymorphic sites are
used to estimate the relative sizes of the three populations, ancestral plus two descendent, as well as the
time of the split. For the size-change model, the numbers of sites segregating at particular frequencies
in the sample are used to estimate the relative sizes of the ancestral and descendent populations plus
the time the change took place. Parameters are estimated by choosing values that most closely equate
expectations with observations. Computer simulations show that current and historical population param-
eters can be estimated accurately. The methods are applied to DNA data from two species of Drosophila

and to some human mitochondrial DNA sequences.

ISTORICAL events such as the formation of two
species from a common ancestor or drastic
changes in population size manifest themselves in the
DNA of organisms by structuring the genealogies of
nucleotide sites. Consider a situation where a single
ancestral population splits into two descendent popula-
tions, and after the split no genetic exchange occurs
between the two. Figure 1 depicts this isolation model
and shows examples of two possible genealogical histor-
ies of a site in the sample. The branches in Figure 1
represent ancestral lineages of the sampled sequences,
If the per-site mutation rate is small, which we will as-
sume is true, then each branch presents opportunities
for the creation of a particular kind of polymorphic
site. When a mutation has occurred on one of these
ancestral lineages, it appears as a polymorphic site that
divides the sample into two groups: one that shows the
ancestral nucleotide and one that shows the new, mu-
tant nucleotide.

For example, a mutation on the long internal branch
of the genealogy in Figure la will divide the sample
into two groups that correspond exactly to the two pop-
ulation samples. This type of polymorphism is com-
monly referred to as a fixed difference (Hey 1991). In
contrast, the genealogy in Figure 1b does not allow for
the possibility of a fixed difference because there is no
branch that divides the sample appropriately. Instead,
a mutation on the smallest internal branch of that gene-
alogy yields a different type of polymorphism: one that
is shared by both populations. A mutation on any other
branch than these two in either Figure la or b will
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produce a site that is polymorphic in only one of the
two population samples. Thus, Figure 1 illustrates the
relationship between population history and classes of
segregating sites, as mediated through sites’ genealo-
gies. If the time of separation of the two descendent
populations is short, then genealogies will likely resem-
ble the one in Figure 1b and shared polymorphisms
may appear in the data. If the time of separation is
long, the most probable genealogies will, like Figure
1a, have an internal branch on which fixed differences
can accumulate.

For any given time of separation, every possible gene-
alogy will have an associated probability. However, in
the absence of recombination, all sites in a particular
sample will share the same genealogy. The particular
one observed will be a single draw from the universe
of possibilities. As single observations, individual gene-
alogies are not likely to contain enough information to
make accurate and general statements about popula-
tion-level processes. On the other hand, if there is re-
combination or if multiple loci are sampled, then differ-
ent sites may have different genealogical histories. In
the case of a sample from two populations, some sites’
genealogies may resemble the one in Figure la and
others may be like the one in Figure 1b. In large data
sets, many of the possible genealogies will be realized
in the histories of sites in the sample and will be repre-
sented in proportion to the relative likelihood of ob-
serving each.

A similar picture can be drawn of the size-change
model, which is like the isolation model but with only a
single descendent population. Here, polymorphic sites
can be partitioned according to the frequencies of mu-
tant and nonmutant bases, as, for example, TajiMA
(1989b) and Fu and Lt (1993) have done. Again the
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FIGURE 1.—Two possible genealogies of a sample of three
sequences from each of two isolated populations. Thick lines
represent population boundaries, and thin lines trace the
ancestral lineages up into the past.

numbers of each kind of polymorphic site observed in
a sample of DNA will depend on the genealogies of
sites, which, in turn, depend on the time and magni-
tude of the change in population size. For instance, if
the population has recently grown in size, sites’ genealo-
gies will tend to have longer terminal and shorter inter-
nal branches relative to the genealogy of a sample from
a constantsized population (SLATKIN and HuUDSON
1991). This will result in an excess of sites where the
mutant base is in frequency 1/ 7 in a sample of # se-
quences and a dearth of middle-frequency polymorphic
sites.

We adopt general and easily interpreted versions of
the isolation and size-change models. Before genera-
tion fin the past, there was a single, panmictic popula-
tion of size N,. Exactly at ¢, the ancestral population
either split into two descendent populations (isolation
model) or simply changed size (size-change model).
The descendent populations are also panmictic, but in
the isolation model there is no gene flow between them.
The sizes of the descendent populations are N, and N,
(isolation) or just N, (size-change), and no restrictions
are put on the relative sizes of N, Ny, and N,. All
populations conform to the commonly used Wright-
Fisher model (FisHEr 1930; WRIGHT 1931). Genera-
tions are nonoverlapping and N;, N;, and N, remain
constant over time except at £, where there might be a
change in population size. All variation is assumed to
be neutral and mutations occur according to the infi-
nite sites model with mutation rate u per sequence per
generation. Four parameters, then, describe the isola-
tion model: &, = 4Nju, 8 = 4N,u, 64 = 4Nju, and 7
= 2ut. The size-change model is characterized by three
parameters: 6,, f, and 7.

The isolation and size-change models form the basis
of many current studies in population genetics. The
isolation model has been considered both as a null
model of species formation (HEy 1994) and as a model
of the divergence of populations (TAKAHATA and NEI
1985). As used here, it involves four parameters and
thus represents a generalization of past implementa-
tions, e.g., those of TAKAHATA and NEI (1985) and Hub-

SON et al. (1987) . The size-change model has been ap-
plied to recent human evolution (ROGERS and
HARPENDING 1992) . However, a model of exponential
growth has also been suggested (SLATKIN and HUDSON
1991) and may be more realistic than the instantaneous
size-change model. Clearly, both the isolation and size-
change models are simple models. Whether or not they
are too simple to describe the history of most popula-
tions and species is an empirical question that deserves
attention.

Our purpose here is to show how we can glean more
information from DNA data to estimate both current
and historical population parameters. This is a starting
point, from which other questions might spring and be
addressed, and to which other factors, such as migration
and selection, might be added. We begin by deriving
the expected values of the various partitions of polymor-
phic sites. These then form the basis of a method of
estimating the parameters of the isolation and size-
change models.

THEORY AND METHODS

The segregating sites in a sample of sequences from two
populations can be partitioned into four mutually exclusive
categories that correspond to different aspects of genealogical
history. The first comprises sites that are polymorphic in pop-
ulation 1, but monomorphic in population 2. Next are sites
that are polymorphic in population 2, but monomorphic in
population 1. Call the numbers of each of these types of
exclusive polymorphic sites Sx; and Sy,. The third are sites at
which a polymorphism is shared across population bound-
aries, i.e., where the same two bases appear in both popula-
tions’ samples. Let the number of shared polymorphic sites
be called Ss. Fourth, there are sites showing fixed differences
between the two populations, the number of which are re-
ferred to as ;.

Segregating sites can be also classified as polymorphic in
one population, either 1 or 2, regardless as to whether they
are polymorphic in the other population. Call the numbers
of polymorphic sites counted in this manner §; and S . Finally,
we can simply count the total number of polymorphic sites
in the entire sample, and the number of these is referred to
as §. These different categories of sites are related in the
following way:

S = 8a + S, (1)
S = Sxa + S, (2)
§=8x+ Sx2 + S5+ S (3)

Single-population expectations: To calculate the expecta-
tions of Sxi, Sxa, Syand s, we use (1) -(3) and start with
the simplest case. Consider two samples of sequences taken
from a single, randomly mating, diploid population of effec-
tive size N. Let the numbers of sequences sampled be n; and
ns. WATTERSON (1975) showed that

ES)=6Y . (4)

=1

where § = 4Nu and n = m + n,. In fact, Equation 4 applies
to any randomly taken sample, so that
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Then, only one more quantity is required in order to know
the expectations of all four mutually exclusive partitions of
segregating sites in a single population. The expectation of
Sy can be derived by considering the number of sites that
divide the sample into n; and 7, sequences. The expected
number of these is 8(1/m + 1/m) /6, where §is 2, if n, =
7o and 1 otherwise ( TAJIMA 1989b; Fu and L1 1993; Fu 1995).
The chance that these n, and n, bases are distributed among
the two subsamples as a fixed difference is related to the
hypergeometric distribution and is just 6/ (7). Thus,

-3
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E(S) =N (6)
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is the expected number of fixed differences in a sample of n =
m + mp sequences from a single, randomly mating population.
Then, using (1) -(3),
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are the expected numbers of polymorphisms exclusive to pop-
ulations 1 and 2, and of polymorphisms shared between 1
and 2.

Two isolated populations: Under the isolation model,
Equations 6~9 give the expectations of the four mutually
exclusive partitions of segregating sites in the ancestral popu-
lation. However, the numbers of distinct ancestors of the pres-
ently sampled 7, and n, sequences, which existed at the time
the two populations separated, are unknown. These numbers,
called 7] and 73, must be considered random quantities that
follow some probability distribution. TAKAHATA and NEI
(1985) derived the following expression for the probability
that, at generation ¢ in the past, there are n] ancestors of n
sequences sampled at the present:
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In (10) and (11), Ty, which is equivalent to 7/, is the
time of separation measured in units of 2N, generations. The
equations for population 2 differ from these only by a change
of subscripts. Thus, the probability that the ancestors of the
presently sampled n; and 7 sequences numbered n{ and
nj at generation ¢ is equal 0 P, ,;; (7/61) Py (7/02).

The expectations of Sx;, Sx2, Ssand Syare derived by consid-
ering every possible ancestral sample at time ¢ and weighting
by the probability of each. This is most clearly seen for shared
polymorphic sites because these can result only from muta-
tions that occurred before the time of separation of the popu-
lations. The average of (9) is taken over all possible relevant
ancestral sample sizes:

n n,

]

E(S) = 6, X Z Pon (7/60) Payug (7 /85)

n{=2 ny=2

where n’ = n] + nj.

Every mutation that occurs in either of the descendent
populations, given that n; > 1 or ng > 1, appears as an exclu-
sive polymorphism in the data. The expected number of these
in population 1 is simply

E(Sy after t) = [z LS /) z ] (1)

112 ny=2

In words, E(Sx; after ¢) is equal to the expected number of
segregating sites in a sample of n; sequences, regardless of
time, minus the expected number of these that would have
occurred before time ¢in the past. Equation 7 helps in deriv-
ing the expectation of Sy, before ¢

™ g

E(Sx before t) = 6, Z ,Z P (t/60)P zn1(7/92)

n{=2 ny=1

n'—1 n,—1 - -
15 A

H i

i=

Note thatin (14) when n$ = 1 the middle term in the brackets
is defined to be equal to zero. Again, the equation that applies
to Sy is obtained simply by switching subscripts. Of course,
E(Sx1) = E(Sx, before t) + E(Sx after ¢) and similarly for
E(Sx2), but these full equations are not reproduced here in
the interest of space.

Like exclusive polymorphisms, fixed differences can result
from mutations that occurred before the two populations sep-
arated as well as those that occurred after the split. £( Sybefore
t) is calculated similarly to (12) and (14) above,

™ Ty
E(S;before 1) = 0, 2 2 P (7/6))
nr—l nz
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Py (7/65) 22 (15)
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In addition, if there was only a single common ancestral se-
quence of either population sample at the time the two sepa-
rated, then fixed differences might have accumulated after
the split. In Figure 1a, this is true for one population, but not
the other. HEy (1991) calculated the expected length of time
during which such fixed differences might have accumulated.
Considering both populations, and in the notation used here,
the expected number is given by

E(Safter t) = 7 — b Yy

21=2<i) " [l_i(i—l):[
9 J=2,j#1 ](] _ 1)

02 2 1 - e_(§)7/02
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and, again, E(S;) = E(S;before ¢} + E(S;after 1).

Site frequencies: Let z; be the number of polymorphic
sites at which the mutant base is found in 7 copies in the
sample of n; sequences from population 1. Likewise, z; repre-
sents mutations of size ¢ in the sample from population 2.
Using the same sort of approach, it is possible to derive the
expectations of these quantities. These are especially im-
portant for the size-change model because shared, fixed, and
exclusive polymorphisms are defined only when there are
two populations. Again, mutations can be separated into two
groups: those that occurred before the population split and
those that occurred after. Then, E(z,; before f) is given by

E{z; before t)

n

1 = e~ 7/8,

[
n ny 1

= 2 Puu(r/00) X P(h~ilm, n]) E(zap), (17)
nj=2 =
where P(k — i|n, n{) is the probability that a mutation of
size k in the sample n] grows to size i in the sample n; and
E(z4,) is the expected number of mutations of size £ in the
sample n{ at the moment the two populations split apart.
The expectation of z,, is equal to 8,/ k (TAJiMA 1989b; Fu
1995). P(k — i|n;, n}) is represented by the Polya-Eggen-
berger distribution; for example, see JOHNSON and Kotz
(1977), section 4.2. In words, P(k— i| ny, n) is the probabil-
ity that (i — k) mutant lines are added when 7, lineages
become n; by the random selection and then bifurcation of
lineages. It follows that

P(k= ilm, ni)

<,n1 - ni) k“‘k](n{ _ k)[n]—nlfi-i-k]

ik > (19

M
where & = x(x + 1) (x+2) - (x + 7= 1).
The expectation of z, ; after ¢is calculated similarly to (13):

E(z; after ¢)

ni—1
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and overall, i.e., E(z; before t) + E(z, after 1),
0 i
E(z,) ==+ (64~ 6) T Puai(7/01)
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X L P(h=dlm, nl) £ (20)
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Again, the expression for E(z,,) is gotten simply by changing
subscripts. Equation 20 is the decomposition of E(8;) into
site frequencies; E(z ;) is taken without regard to polymor-
phism in population 2. Thus, (20), when summed over all
possible frequencies, i = 1 to i = n ~ 1, is equivalent to
TajiMA’s (1989a) Equation 9.

Of course in data, without an outgroup, we cannot distin-
guish between mutations represented by i copies and those
represented by n, — i copies, because we do not know which
is the ancestral base. Let 7; be the number of polymorphic
sites with frequency i/ #; in the sample, where now i = n, /2.
Then

E(2;) + E(zi,-0)
5 ;

E(n,) = (21)
where § is two if i = m — ¢ and one otherwise (Fu 1995).

Jointly polymorphic sites can also be distinguished by their
frequencies. Let z; be the number of polymorphic sites at
which the mutant nucleotide has frequency i/ », in the sam-
ple from population 1 and frequency j/ n, in the sample from
population 2. Then

Vll ILQ
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< otk >
is the probability that a mutant of size (k + )/ (n] + n3)
in the ancestral sample has % copies in the sample 7] and &,
copies in the sample »n}.

Estimating population parameters: The theory outlined
here provides a framework for parameter estimation. The
isolation model has four parameters and, correspondingly,
we can partition the segregating sites in a sample from two
populations into four mutually exclusive categories. The ex-
pected values, E(Sx,), E(Sx2), E(Ss), and E(S;), are given
by (12) - (16), and, although complicated, are simply func-
tions of the four parameters, 8;, 65, 84, and 7. By equating
observed values of Sy, Sx2, S5, and S, with these expectations,
we can solve numerically to find the values of 8, §,, 6,4, and
7 that most closely equate the expected and observed values.
Similarly, counts of site frequency patterns can be used to
estimate the parameters of the size-change model. Assume
that we have taken a sample of seven sequences from a popula-
tion that has undergone a rapid change in population size.
There are three possible site frequency patterns and three
parameters: #,, 8,4, and 7. A sample size of seven was chosen
so that the number of possible site frequencies would be the
same as the number of parameters. The expectations of 7,
72, and 75 are given by (21), so again we can equate observed
and expected values and solve numerically to estimate the
unknown parameters.

It is important to note that recombination within a se-
quence does not affect the expected numbers of the various
types of segregating sites in a sample but that it does affect

where






